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5. a) Let z and y be two di erent states in the same recurrent class. Recall that
mz (y) was de ned to be the expected number of visits in y in an excursion
from z . Show that
Pz [Ry < Rz ]
Py [Rz < Ry ] < 1
mz (y)

Hint: Argue rst that

P

z I
and then that nR=0
fXn =yg has under Py a geometric distribution with parameter Py [Rz < Ry ].
b) Assume that S0 is nite and z 2 S0 is recurrent. Conclude from a) that mz
has nite total mass. (Recall from the course that then z is positive recurrent,
and mz =mz (S0 ) is an equilibrium distribution.)
c) Assume that S0 is nite. Show that there must exist at least one recurrent
state.
d) Conclude from c) and b) that every transition matrix P on a nite set of
states S0 has at least one equilibrium distribution.

6. What is the expected number of visits of an ordinary random walker on Z
to z = 2002 before the rst return to the starting point when starting out from
0?
(Hint: Recall the connection between that sort of question and invariant measures!)
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7. For xed N 2 N, put := f = ( ; : : :;  N ) :  i 2 f plus, minus gg,
and for  2 , let f () be the number of plus components in . Consider
the following stochastic dynamics on : Given , pick an i uniformly from
f1; : : :; N g and ip the sign of  i .

a) Let (n) be a Markov chain following this dynamics. Show that Xn = f (n )
is a Markov chain on S0 := f0; : : : ; N g, compute its transition probability
P and its equilibrium distribution. (Hint: First look for an equilibrium
distribution of (n).)

b) Does P n(z; :) converge as n ! 1? Does P 2n(z; :) converge as n ! 1?
And if so, how does the latter limit relate to the equilibrium distribution of P ?

c) Consider the following modi cation of the P -dynamics: In each step, one
performs with probability 1=2 a step following P , and with probability 1=2 one
takes a rest. This leads to the the transition matrix Q := (1=2)(P + I ), where
is the unit matrix. Does Qn (z; :) converge, and if so, to which limit?
I

8. You can either do this exercise with pencil and paper, or verify the statements
empirically for a couple of values of p and q by writing a simulation program.
You can achieve full points in either way, and both should be fun.

Let (Zn ) be a coin tossing sequence with P[Zn = H ] =: p; P[Zn = T ] =: q,
and for given `, let Xn = (Zn `+1 ; : : : ; Zn) be the pattern of length ` occurring
at time n.
a) Is (Xn )n` 1 a sequence of independent random variables? Is it a Markov
chain?
b) What is the expected waiting time w between successive occurences of the
pattern HT HT ?
c) Show that w equals the expected waiting time from the occurrence of HT
to that of HT HT .
d) Show that the expected waiting time from time 0 to the rst occurrence of
1
.
HT equals pq
e) Combine c) and d) to show that the expected waiting time from time 0 to
the rst occurrence of HT HT equals pq1 + w.

